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The Hoffman and Singleton graph of degree 7 and girth 5 on 50 vertices is 
embedded in the plane F, 52). In this way it is shown that the automorphism 
group of the graph is PSU (3, F). 
In [5], Hoffman and Singleton construct a minimal regular graph G 
of girth 5 and degree 7 containing 50 vertices. Robertson has given the 
following construction of G: Let C, , C, , C, , C, be four copies of the 
cyclic group of order 5 generated by cl , c2 , c3 and c4 , respectively. The 
vertices of G are the pairs (cXi, cz3) and (cQk, cqnz), i, j, k, m = 0, 1,2,3,4. 
Write a - b if vertices a and b are joined in G. 
Then 
(Cli, csj) - (Cli, cy), 
@Sk, c4”> - (Cak, cp>, 
(c;, czj) - (CQk, cik+m), 
for all i, j, k, m. 
Although this construction is elegant, it is not easy to work with 
algebraically. For example, it is not clear what automorphism groups G 
admits. Moreover, G is a member of a class of graphs, see [l], all of 
which are embeddable in a suitable projective space. The purpose of this 
paper is to provide such an embedding for G. 
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DEFINITION. A claw of G is a vertex together with three edges meeting it. 
LEMMA 1. There are exactly 1750 claws in G. 
Proof. For each of the 50 vertices there are (9 different claws. There 
are thus 50 . (i) = 1750 claws in G. 
Let H = XII, + X,x, + X,x, be a Hermitian form over GF(25). 
Here xi = Xi5. The points and lines of the projective plane rr over GF(25) 
are given by triples of elements in GF(25) using homogeneous coordinates. 
H defines a polarity between the points and lines of r and we call the 
image of a point or line its pole. 
DEFINITION. A polar triangle is a triangle in rr such that opposite 
point, line pairs are poles of each other. 
LEMMA 2. There are exactly 1750 polar triangles in rr. 
Proof. There are 525 points in rr not contained in their poles. For 
each of these points there are 20 lines through it not containing their 
poles. A choice of one of these lines then determines a polar triangle. 
Since we could have started with any of the 3 vertices of this triangle, 
we have 525 . 20/6 = 1750 polar triangles in T. 
We now proceed to embed G in r in such a way that the claws of G 
correspond in a l-l manner with the polar triangles of r. We take an 
explicit representation of GF(25) by adjoining the square root i of 2 in 
the prime field. In G a vertex is defined by the 35 claws containing it. We 
will define a vertex as a distinguished set of 35 polar triangles of r. 
Let U = PSU(3, 52) be the simple unitary group with respect to H. 
Elements of U are written as 3 x 3 matrices over GF(25), and are thought 
of as coset representatives of the centre of SU(3,25) in SU(3,25). Ele- 
ments of U are written with round brackets. Points and lines of 7~ are 
represented as column vectors in homogeneous coordinates. The action 
of U on IT is left multiplication. Let T be the polar triangle 
1 0 0 I()(ii)l O,l,O. 0 0 1 
Let U, be the subgroup of U fixing T as a set. Let 
. 
Then the image KT of T under K is the required set of polar triangles. 
and 
[ 0 1 0 1 
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A polar triangle can be considered as the set of its three vertices. The 
set can be ordered in six ways. We write [Use, ae2, a,,] as a matrix 
whose columns are the vertices of a polar triangle. Thus T canonically 
ordered is represented by the matrix 
1 0 0 
T= 0 10. I 1 0 0 1 
The matrix M = [Use , Use, a,,] representing a polar triangle has 
orthogonal columns. That is CK Gsiakj = 0 for i # j. For any nonsingular 
diagonal matrix D, MD represents the same polar triangle as M. Further 
D can be chosen such that MD is unitary. 
LEMMA 3. The orbit of T under K contains all 6 orderings of each polar 
triangle in it. 
Proof. First note that, if P is a permutation matrix, then TP is in 
U,T. Indeed, if P is even, then P is in U, and TP = PT. If P is odd, then 
10 0 
i i 
01 0 P 
0 0 -1 
has determinant 1 so is in U, . 
If [Use, a*2, a*J is in KT, then [LZ*~, Use, a,,] P = kZ=P for some k 
in K. Thus [Use, a,, , a,,] P = kPTand is in K&-T, that is, in KT. 
Because of Lemma 3 we can use T and T interchangeably. 
The orbit KT of T under K is a set of 35 polar triangles. The matrices 
representing these 35 triangles are given below: 
1 1 1 1 1 1 
2+2i 4+4i l+i , 
4$-i 2 + 3i 1 + 4i 1 [ 2+3i 4-j-i 1+4i, 4+4i 2+2i l+i I 
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1 1, 1 1 1 1 
3+2i 1+4i 4+i , 1 i 3-k3i l+i 4+4i, l+i 3 + 3i 4 + 4i 1+4i 3+2i 4+i 1 [ 1 1 1 1 1 1 
l+i 3+3i 4+4i, 1 [ 4+4i 2+2i l+i , 2+3i 4+i 1 + 4i 3+2i 1+4i 4+i I 
I 2+2i 1
1+4i 3+2i 4+i , 
4+4i 1 lfi 1 1 [ 4+i 3 + 1 3i 2+3i 1+4i, 1 fi 1 4+4i 1 1 
[a 4, 4,3, E ii ii]. E ai ii], [a iiii]. [: ii +I. 
1 1 1 
2+2i 3+3i 3+3i, 
0 3fi 2 + 4i 1 [ 3 
1 1 1 
0 2+i 3+4i, 
-I- 2i 2 + 3i 2 + 3i 1 
[ 2 + 0 1 3i 3+4i  + 1 2i 2+i 3 + 1 2i 1 , 
[ 3 + 0 1 3i 4 1+3i + 1 3i 4+2i, 1 + 1 2i I 
[ 
2+3i 3f2i 3+2i, 
0 1 2+i 1 3 + 1 4i 1 
[ 2 + 0 1 2i 2+4i 3 -I-1 3i 3+i  f 1 3i I , 
L 3 + 0 1 2i 4+3i 1 + 1 3i 4 1+2i, + 1 2i 1 
L 4 1 3+2i 3i1 3-+3i, +2i 1 1 
[ 4 1 2+2i 3 + 1 .2i 2+3i, 3 f 1 2i 1 
[ 2 + 0 1 2i 1+3i  + 1 2i 4+2i,  + 1 3i 1 
[ 3+3i 2+2i 2+2i, 0 1 2+4i 1 3+i 1 1 
[ 3 -I- 01 3i 2 3+i i- 1 2i 2+4i,  + 1 2i 1 
[ 2 + 0 1 3i 4+3i  + 1 2i 1+2i,  + 1 3i I 
[ 
3+2i 2+3i 2+3i, 
0 1 3f4i 1 2fi 1 1 
[ 1 2f3i +2i 1 2+2i, 3  1 1 
[ 4 1 3+3i 2 1 3+2i. 2  1 1 
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It is easily checked that the above set of polar triangles is stabilized 
by U, and by 
i 21 2 1 2 1  
and hence by K. 
To check if a matrix g is an element of K it suffices to check if gT is in 
the above orbit. That is, that gTD has the same three columns as one of 
the above matrices, for some diagonal matrix D. 
LEMMA 4. The order of iJ, is 72. The group U is transitive on the 
1750 polar triangles of T. 
Proof. An element of U, is a 3 x 3 matrix with exactly one non-zero 
entry in each row and column, and with determinant 1. If the non-zero 
entries are a, b, and c, we have a6 = ba = c6 = 1 and abc = 1 or 
abc = - 1, depending on which entries are non-zero. Thus for each of 
the 6 possible shapes there are 6 choices for a and 6 choices for b from 
which c is then derived. Thus there are 63 = 216 unitary 3 x 3 matrices 
of determinant 1. The subgroup of scalar matrices consists of cube root 
multiples of the identity and is of order 3. Thus the order of U, is 216/3, 
or 72. 
Since U has order 126,000 (see [3]) we have that the orbit of T contains 
126,000/72 = 1750 members. 
LEMMA 5. The 35 polar triangles KT form a block under the action 
of U on the 1750 polar triangles. The subgraup K hos index 50 in U. 
Proof. To show that KT is a block it suffices to show that if an element 
g of U takes one element of KT to another then g must be in K. If we are 
given g and given glv = M where N and M are matrices representing 
polar triangles in KT, then gND = MD where D is diagonal and ND is 
unitary and hence is an element of K. Then MD is also unitary and in K. 
So g = MD(ND)-l is in K as desired. 
Now U is transitive on the 1750 polar triangles of n and K is the 
stabilizer of the block KT. Thus I U / = 1 K 1 = 1750/35. Hence K has 
index 50 in U. 
LEMMA 6. The group K is isomorphic to A, . 
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Proof. The elements 
3i 
and 
are in K. Indeed 
1 
a0 I 0 0 10 1 = 
0 0 1 
[ 0 1 0 1 0 1  and h 100 0 1 0 
0 0 1 
1 1 1 
= [ 2 3 1 
4 2 3 I , 
both in KT. Then h5 = a3 = (ha)’ = (ah-1ah)2 = (ah-2ah2)2 = I in U, so, 
by [2], K contains a non-trivial homomorphic image of A, . Also 
]K] = IA,jsoKisA,. 
DEFINITION. The graph G* has vertices which are the 50 cosets of K 
in U. The vertex aK is joined to bK by an edge exactly if aKa-l n bKb-l 
is isomorphic to A, , that is, if their stabilizers (under the action of left 
multiplication) meet in a subgroup isomorphic to A, . 
The set G* with the joins as described is a graph. Indeed aK is not 
joined to itself. If aK is joined to bK then bK is joined to aK. 
We define the vertex v,, to be K, and v,, can be thought of as the set of 
polar triangles KT. Similarly the vertex u, is defined to be aK and can be 
thought of as the set of polar triangles aKT. The stabilizer of this configu- 
ration is the group aKa-l. 
LEMMA 7. There exists a set of seven cosets aK joined to K which form 
an orbit under the action of K. 
Proof. Let 
Then 
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is in K, and d 6 K. So d-lKd = dKd = dKd-I. If d-4d E d-lKd n K then 
r E dd-IKdd-l n dKd-1 = d-lKd n K. Now 
is not in K, so d-IKd is not all of K. 
Let t = h-lab and s = a-lh2a where h and a are as in Lemma 6. Then 
2 + 2i 1 + 4i 
and t and s are in K. Now 
i 
l+i 2+3i 4 
dtd = 2 + 3i 3 2 + 2i 
4 2 + 2i 1 + 4i 
and so 
1 1 1 
dtd T = 4 + 4i 1 + i 3 + 3i 
1+4i 2+3i 4+i I 
and is in KT. Also 
2+3i 3 3+3i 
dsd = 2 + 3i 4 1 + i 
1+4i 1 2+2i 
and so 
1 1 1 
dsd T = 1 3 2 [ 1 3 2 4 
and is in KT. Hence t and s are in dKd-l r\ K. But t3 = s5 = (ts)” = 
(ts-1)4 = (ts3t-1s2)2 = I so, by [2], dKd-l n K contains A, . But a proper 
subgroup of A, containing A, must be A, . 
Thus 
IKIjdKd-lj I K12 IKdKI=IKdKd-lI= ,KndKd-lI--= l&I IKI 
I 41 I I 4 I 
=71Kj. 
Thus the orbit of dK under K has length 7. 
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The next few lemmas will show that the set of vertices of G* are par- 
titioned into exactly 3 orbits under left multiplication from K. We will 
show that the vertex ZK, where 
is not joined to K. Further, there are 42 cosets of K in the orbit of ZK 
under K. 
Since K is isomorphic to A, and H = gp{s, t} is isomorphic to A, 
there exist 7 conjugates of H in K. Let 
L? = {H = H”‘, Has,..., Ha’} 
be the set of conjugates of H in K. Then K acts by conjugation on Q as 
A, and H acts by conjugation on L?’ = {HOa,..., HQ} as A, . Henceforth 
we will denote the subgroup Hai of K by i and identify the elements of K 
with the permutation they induce on Q. Then the element s will be a 
5-cycle, say (2,4, 6, 3, 5), and the element t will be a 3-cycle or a product 
of two 3-cycles. Without loss of generality we can choose t = (2,6,7) in 
the first case. Similarly in the second case we will take t = (2, 5,3)(7, 6,4). 
We consider these two cases separately. 
LEMMA 8. Assume s = (2,4,6, 3, 5) and t = (2,6,7). In this notation 
b = (ts”t)-l s(t?t) = (2,6,4,5,3) andh = (t2st2s)-1 s(t%t?s) = (2,7,3,4,6). 
The group IKI-l n K contains a copy of A, that moves 6 letters, and is 
not A, on these 6 letters. 
ProoJ: It is clear that a E IKikl n K exactly if l-laie K n FKI. So if 
a is in Kit is enough to check whether I-‘al E K. 
Now 
i 
1 4 + 4i 3 + 2i 
s2 = 1 + 4i 4 2+2i. 
2+2i 2+3i 3 1 
so 
1 2 4 
1-w = t 3 4 1 1 ) 1 1 3 
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which is in K. Also 
and 
3 4 + 2i 
I-lhl = 4 + i . 
4+2i f, 
which is in K. 
Thus 9 and h are in IKI-l n K. They satisfy (9)” = h5 = (s2h-1)2 = 
(s-2h-1)3 = 1 so generate a copy of A, by [2]. Note this copy of A, moves 
6 letters. 
The element 
i 3+3i 3 2 4-l-i + 2i 2 + 1 3i 
b= 2+3i 4 l+i 
also fixes the letter 1. However 
I-lb1 = 
3 1 + 2i 1 + 4i 
1+4i 3+3i 1 
4 + 3i 2i 2 + 2i 1 
and 
1 1 1 
I-‘blT = 2 + 3i 2 + 4i 4 + 4i 
3+i 4 + 4i 3 + 2i 
Hence I-lb1 is not in K so b is not in IKI-l n K. 
LEMMA 9. If A5 is a subgroup of A, that moves 6 letters, and H is a 
proper subgroup of A, that properly contains A, , then H must be A, on the 
same letters as A, . 
Proof. We first show there is no group H between A, and A,. Indeed 
if [A, : H] is less than 6 and greater than 1, then A, acts by right multi- 
plication on the cosets of H in A, . This action is non-trivial. Hence A, 
has a homomorphic image in a symmetric group on less than 6 letters. 
This contradicts the simplicity of A, , 
I* 
76 BENSON AND LOSEY 
Now if [A, : H] is less than 7, again either H is normal, impossible, 
or A, acts non-trivially on less than 7 letters, also impossible. Because 
there is no H between A, and A,, we know A, is self normalizing in A,, 
so has 6 distinct conjugates, each moving six letters. Thus there are 
7 . 6 = 42 distinct conjugates of A, in A, , so A, is self normalizing in A, . 
Thus [H : AJ = 2 is impossible. The one remaining possibility is 
[H : A51 = 3. Again since A, is self normalizing we would have 3 distinct 
conjugates of A, in H. Their intersection, Z, would be normal in H, and 
would be the kernel of the action of H on the 3 conjugates of A, in H 
by conjugation. If H acts on the 3 conjugates of A, as S, , then 1 Z 1 = 30 
and Z is proper normal in A, , impossible. If H acts as A, , then 1 2 / = 60 
and the 3 conjugates were not distinct. 
Hence H is a proper subgroup of A, that properly contains A,, and 
A, moves 6 letters imply H has index 7 in A,, so A, acts on the 7 conju- 
gates of H, so H is the stabilizer of one of the letters A, acts on, namely 
His isomorphic to A, . 
LEMMA 10. Assume s = (2,4, 6, 3, 5) and t = (2, 5, 3)(7, 6, 4). In this 
notation b = (ts”t)-l s(ts2t) = (2,4, 5, 7, 6) and h = (t2st2s)-l s(t2st2s) = 
(2, 6, 5, 3,4). The group IKI-l n K is a copy of A, in K moving 5 letters. 
Proof. We know I-%1 and l-Q21 are in K and l-lb1 is not in K. Thus 
A, is contained in Ikl-l n K and the A, fixing the letter 1 is not in IKl-l n K. 
Now we want to show that IKl-l n K is not the A, fixing the letter 7. 
Certainly there is no group between A, and A, by the simplicity of A, . 
We choose an element p in K such that p5 = 1 and p is not in dKd-1 n K. 
Then p must move the letter 1, and p must be a 5-cycle. Further one of 
p, t-lpt, tm2pt2 must fix the letter 7, and each of p, t-lpt, t-2pt2 moves the 
letter 1. We claim that we can choose p such that no one of p, t-‘pt, tM2pt2 
is in IKI-l n K. If we can establish this then we know that some element 
of the copy of A, that fixes 7 is not in Ikl-1 n K, so IKI-1 n K must be 
A, as desired. 
Let 
Note p5 = 1. Then p is in K, indeed 
1 1 1 
pT= 3+2i 4-?-i 1 +4i 
l+i I 4 + 4i 3 + 3i 
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is not in K. So p is not in dKd-l n K. Now 
3+3i i 2 + 4i 
l-lpi = t 2 f 2i 4 + i 4 4+4i 3 4 + 2i i 
is not in K so p is not in IKl-l n K. Now 
0 4i 1 + 2i 
t-lpt = t 4 + 2i 2 4 + i 
1+3i 2 4+i ) 
is in K but not in dKd-l r\ K. Also 
0 4 + 4i 3i 
I-Fptl = i 1 + 3i 4 3-I-i 
i 3+2i 2-j-i i 
is not in K. Finally, 
4+2i 1+2i 0 
t-2pt2 = t 2 l+i 1 + 4+i 3 1 + 2i i 3i 
and 
t 4 + 3i 3 + 4i 2 + 2i 
I-W2pt21 = 2i 2 + 3i 4 + 2i 
2+3i i 3i 
and is not in K. Thus none of p, t-‘pt, t-2pt2 is in lKl-1 n K as desired. 
LEMMA 11. The orbit of the coset 1K under the action of K has length 42. 
Thus the vertices of the graph G form exactly 3 orbits under left multi- 
plication by K. 
Proof. By Lemmas 8 and 10 we know 1KF n K has order 60. Thus 
1 KlfC 1 = 1 KlW 1 1 = K 1 1 lKl-l 1 7!/21 KI , lKlel n K, = 5!,2 = 42 1 K 1 . 
58zb/I1/1-6 
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There are 50 vertices in G, and 3 orbits of length 1, 7, and 42. Hence each 
vertex is in one of these 3 orbits. 
THEOREM 1. The graph G is a connected undirected graph of degree 7, 
diameter 2, and girth 5 consisting of 50 vertices, and hence is the graph of 
Hofman and Singleton. 
Proof. The group U is transitive on the 50 vertices of G. If aK is 
joined to bK and g is in U, then gaK is joined to gbK. Indeed 
gaK(ga)-l n gbK(gb)-l = g(aKa-l n bKb-l) g, a conjugate of a copy of 
A, and hence A,. Thus U preserves joins. Thus G has degree 7. 
If the vertex K and the 7 vertices joined to it are not connected to the 
other 42 vertices, they form a complete graph on 8 vertices. By transitivity 
every vertex in G* is then in a complete 8 graph. But 8 does not divide 50 
so this is impossible. 
Hence there is a vertex v, = rK such that v, is joined to z’, = qK and 
z), is joined to v0 = K. Now o, is in an orbit of length 42 under the action 
of K, so for any vertex ~1, not joined to o,, there is g E K such that gv, = v, . 
Then u, is joined to go, which in turn is joined to q, . Hence no vertex 
is further than 2 away from the vertex v,, . 
Now each o, in the orbit of length 42 is joined to a a, in the orbit of 
length 7. Since no vertex is joined to more than 7 others, each v, is joined 
to 6 of the 21, . Thus no two vertices in the orbit of length 7 are joined, 
and no vertex in the orbit of length 42 is joined to 2 in the orbit of length 7. 
Hence G* has girth 5. 
It is proved in [5] that the only graph with these properties is the 
Hoffman-Singleton graph. 
THEOREM 2. The group of the graph of HofSman and Singleton is the 
group 6&(3, 59, the group obtainedfrom PSU(3, 5‘9 by adjoining theJield 
automorphism. 
ProoJ The group PSU(3, 52) acts on the graph non-trivially and hence 
faithfully. The automorphism u : a + bi + a + 4bi of the field GF(25) 
sends the group K into itself and hence gives rise to an automorphism 
of the graph. The group of the graph is certainly rank three, and hence 
by the result of Higman [4] is either PSU(3, 52) or &(3, 52). Hence the 
group is &%(3, 52). (It is possible by properties of the graph to show that 
the group has order 126,000 x 2.) 
We have described how to find the graph G in the plane z=. The reader 
may be interested in describing the plane in terms of the graph. The graph 
contains 126 sets of 10 disjoint pentagons and 525 peterson subgraphs. 
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These are the 651 points of the geometry. The 651 lines are the same set. 
The incidence is described as follows: A “10 pentagon”-point is incident 
with a “10 pentagon”-line if and only if they are the same set of 10 penta- 
gons. A “Peterson subgraph”-point is incident with a “Peterson subgraph”- 
line if and only if the two peterson subgraphs have a claw in common. 
A “Peterson subgraph”-point (respectively, line) is incident with a 
“10 pentagon”-line (respectively, point) if and only if the peterson sub- 
graph and the set of 10 pentagons have a pentagon in common. The 126 
“10 pentagon”-points correspond to the 126 points in rr of the variety 
H : xX + yJ + zZ = 0, the “Peterson subgraph”-points to the points 
not on H. The “10 pentagon”-lines correspond to the 126 lines tangent 
to Hand the “Peterson subgraph”-lines to the 525 lines non-tangent to H. 
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